This paper describes inversion methods for HF radar sea echo Doppler spectra, giving parameters of the ocean wave spectrum in the important long-wavelength region. Radar spectra exhibiting very narrow spikes in the higher-order structure adjacent to the first-order lines are indicative of ocean wave components with a single dominant wavelength. In the simplest method of interpretation these components are assumed to be unidirectional; in this case we show how to extract wave period, direction, and rms wave height. If this simple model does not provide a good fit to the data or if the radar side bands have the form of broad peaks, we use a model for the wave spectrum with a cardioid distribution in direction and a Gaussian distribution in wave frequency. Parameters identifiable from this model include the rms wave height, dominant direction and period, and the angular spread in the direction and frequency distributions. In normal surface wave experiments the major source of error or noise is the random surface height of the sea; we describe the resulting statistics of the radar spectrum and trace the propagation of uncertainty to the derived ocean parameters.
directional spectrum of the long ocean waves of greatest interest. This method would be both powerful and practical, involving measurements at a single HF frequency. Hasselrnann [1971] , however, observed that if the kernal of the integral (referred to as the transfer function or coupling coefficient) were a constant, the second-order spectral continuum would nearly replicate the ocean nondirectional spectrum, thereby yielding no longwave directional information. Barrick [1977a] developed and tested an approximate technique that yielded this nondirectional information for longer waves (i.e., wave height, dominant wave period, and the nondirectional spectrum) by combining the two second-order peaks surrounding each Bragg line; indeed, the results proved to be relatively insensitive to direction. Maresca and Georges [1980] developed an even simpler method to obtain wave height by combining the energy in both second-order spectral side bands; again, this process renders the results insensitive to direction. All of this suggested that extracting directional information on long waves from the second-order echo might prove elusive (even though wave height and period were obtainable). Lipa [1977, 1978] was the first to show that directional information can be derived from the second-order echo, even though she concentrated on the short-period wind wave region and used a model that separated the directional and frequency dependences as independent multiplicative factors. Often the directional dependence is dependent on wave number, as when swell components and wind This paper shows that the direction of long-period ocean waves (as well as height and period) may indeed be derived from the second-order sea echo spectral peaks. This reversal in outlook restfits from closer examination of models of the radar Doppler spectrum produced by these waves, which shows that (1) the positions of the higher-order echo peaks vary slightly with wave direction and (2) the amplitudes of the echo peaks depend fairly strongly on the coupling coefficient, and this in turn is shown here to vary significantly with wave direction. Consequently, we have been able to develop ana- lytical techniques for extracting the directional ocean wave spectrum in the long-wavelength region. In this analysis we restrict consideration to ocean waves with periods greater than 10 s and to radar frequencies in the upper HF band. This allows considerable simplification of the integral equation describing the second-order Doppler spectrum, and as a result we can linearize the integral equation and in some cases employ simple models for the ocean wave spectrum. Severe storms or hurricanes will often arouse these long-period waves directly; the phase velocity of waves produced by this mechanism does not exceed the wind velocity. For example, the phase speed of waves directly excited by 20 m/s (•-40 kn) winds should not exceed 12.8 s. Recent studies [Hasselrnann et al., 1976] show that long-period waves are also generated by energy transfer from higher-order nonlinear interactions among the shorter waves.
Oceanographers technically define swell as waves produced in another area and/or at an earlier time [Kinsman, 1965] . In contrast to 'wind waves' that are constantly generated by local winds, swell waves appear more organized (their quasi-sinusoidal nature permits the identification of a direction and period) and generally have longer periods. Swells with periods between 10 and 18 s are nearly always observed on the oceans even though local winds may be quite low.
In section 2 we give the theoretical expressions for the first-order and second-order radar cross sections and describe how the second-order integral is linearized and how the data are averaged over frequency. Section 3 describes the interpretation of the radar spectra in terms of the directional ocean wave spectrum. When the higher-order spectral peaks are narrow, simple models of the ocean wave spectrum are applicable, allowing the derivation of closed-form solutions. The simplest model applies when the finite-sized storm-generating area recedes to infinity in distance and past time; in this limit the directional spectrum of the swell produced becomes an impulse function in wave frequency and direction. Such a model is usually applicable when the storm area was more than 2000 km distant from the observer and will be shown to produce a Doppler spectrum also consisting of impulse functions. When the storm-generating area is closer, the ocean waves may be spread over a narrow frequency band and also be spread in angle. In this case we use a model wave spectrum with a cardioid distribution in angle and a Gaussian distribution in wave height. This model will be shown to produce narrow peaks in the Doppler spectrum, whose width is dependent mainly on the width of the ocean wave frequency band, with energies that differ from those produced by the simple impulse function. In the other extreme, waves are generated locally or in a storm area whose distance from the observer is not much different from the dimensions of the radar scattering patch; this is somewhat analogous to being in the near field of an antenna. We take as an example the situation existing at a recent coastal HF radar experiment at Pescadero, California [Lipa et al., 1980] , where the dominant ocean waves were generated in a storm zone with the approximate dimensions 650 km x 740 km, with the storm center about 1250 km from the radar.
These waves had an rms wave height of 113 cm and a frequency spread of about 0.02 Hz about a centroid frequency of 0.07 Hz. For this situation, finite width models are inadequate and full inversion of the integral equation is called for.
THE RADAR CROSS SECTION
We consider narrow beam radar systems with vertical polarization directed at or near grazing incidence. Vertical polarization is the only case of importance because (1) ground or surface wave radars require vertical polarization to attain reasonable propagation distances and (2) the horizontally polarized component of scatter from the sea is several orders of magnitude lower than the vertical component, so that even sky wave radars effectively discriminate only the vertical mode for sea echo. Barrick [1972] Barrick and Snider [1977] have shown that the sea echo voltage spectrum after N sample averaging is X square distributed with N degrees of freedom. They also show that Doppler spectra (both first and second order) become uncorr½lated for time intervals greater than approximately 25 s for radar frequencies greater than 10 MHz and that Doppler spectra from different range cells are statistically independent to spatial separations as small as 3 km. These experimental results may be used to optimize the amount of incoherent averaging. In practice, at least 10 and normally more than 100 spectra are incoherently averaged before analysis. The second ocean spectral factor in the integral equation (3) may therefore be removed by normalizing the second-order spectrum by the power in the neighboring first-order peak. This normalization scheme, proposed and implemented by Barrick [1977a] , linearizes the integral and removes unknown system gains and path losses from the data. Because of previously discussed frequency smearing we integrate the second-order spectrum over a finite frequency window 8. The energy in the first-order line is obtained by integrating over a frequency window of width 8n, which can convcniently be taken as the width between the halfpower points. We then define the following experimental parameters: Lowercase R's are used throughout to denote measured quantities, while uppercase are theoretical; script R's denote total energy in the peak, while block R's denote the actual peak function itself.
When we employ models to describe the swell (as in the first two cases considered below), • is the width of the second-order swell peak. In this case we have integrated out the frequency and are concerned only with the energy in the Doppler peaks; for this case we redefine rm, m, (to) in ( were not so, it would be easy to show that the four side bands defined by (7) would all have the same amplitudes and shapes, making it difficult to extract many swell parameters. More relevant details about the coupling coefficient are found in the appendix.
In the next section we show how to invert (7) to give the ocean wave directional spectrum. The standard error in the derived parameters depends on the data covariance matrix. To derive this, we note that R,•.m, is defined in (6) as the ratio of sums of X 2 power spectral samples and is therefore itself a random variable that follows an F distribution [Barrick, 1980] . If the numerator and denominator are sums of M and N independent samples, respectively, in the limit of large N, the F distribution becomes X 2 with an effective number of degrees of freedom L e given by We write the total wave height spectrum at a wave vector k as the sum of a continuous highfrequency wind wave spectrum Sw(k ) and a swell component generated at great distance that is an impulse function in wave vector space' $(oe) = $•(oe) + H.2a(oe -oe,) 
and terms due to the swell interacting with swell. The latter terms can be seen to be a very resonant phenomenon that can only be observed at a single radar operating frequency that occurs at lower MF, well below our range of consideration here. The first set of terms representing wind wave/wind wave interactions involves only short-period waves and occurs at Doppler frequencies further removed from the Bragg lines than the swell peaks (see Figure  1 ) and thus lies outside our range of consideration; their inversion is treated elsewhere [Barrick and Lipa, 1979a, b] . It is the cross-spectral terms represented by (11) that contain the information on the swell. In (11) the wind wave spectrum has been removed by the normalization defined in ( The uncertainty in the estimate of wave number is generally small; that in angle can be large because of the differencing of small frequency shifts in (15).
In an independent analysis based on the amplitudes of the swell peaks, expressed theoretically in (13), we use the maximum likelihood method [Brandt, 1970] 
General inversion for swell
If the radar spectrum close to the first-order lines has a broad distribution, rather than displaying narrow peaks, we use a general inversion method that applies to both swell and wind-generated seas. The ocean wave spectrum is expanded as a f'mite Fourier series in angle with coefficients that are other. This is sufficient to produce significant error in the swell parameter extraction process. Therefore one should employ the exact expression for the coupling coefficient in (13) and (27) and in the full integral inversion process. The coupling coefficient can be calculated quickly on the computer, and this should be done rather than attempting to use any 'approximation' to the exact coupling coefficient.
